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An invariant Q of a tree T under a k-state Markov model, where a generalized time parameter is
identified with the £ edges of T, allows us to recognize whether data on N observed species (usually,
N DNA sequences, one from each species) can be associated with the N leaves of T in the sense of having
been generated on T rather than on any other N-leaf tree. The form of the generalized time parameter
is a positive determinant matrix in some semigroup S of Markov matrices. The invariance is with respect
to the choice of the set of E matrices in S, one associated with each of the E edges of T. The parametric
form of S represents a model of the evolutionary process. In this paper, we apply a general method
of finding invariants of a parametrized functional form to find low-degree polynomial invariants for
different models. Quadratic invariants are obtained for the Kimura two-parameter model, for a model
allowing evolutionary dependence between positions in the sequences and for an asymmetric model that
allows for A + T versus G + C asymmetries in DNA base composition. Those invariants are found for
trees (unrooted in case of the Kimura model and rooted for the others) with N =3 or N = 4 terminal
vertices. We also find cubic invariants for a ten-parameter model with k = 4 states, for rooted trees with
N = 4. In each case, we use implicit function theory to predict the number of algebraically independent
invariants and then use this prediction to guide a systematic search for algebraic dependence within

the set of invariants produced by our method.

1. Introduction

The method of phylogenetic invariants aims to solve
the problem of evolutionary inference, for a given
semigroup S of k x k substitution matrices (k = 4 in
the case of nucleic acids), by discovering, for each
possible evolutionary tree T, a function Oy of the data
that can be expected to take on the value zero if and
only if these data are generated on T. Data are
presumed to be generated through the association of
some matrix in S with each edge of T. The parametric
form of S represents a model of the evolutionary
process, and each matrix in S may be considered a
generalized length for the edges (branches) of trees.
The invariance is with respect to the choice of
matrices in S associated with the edges of T; Or =0
whatever Myy € S is associated with edge XY, for
each XY.
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The major successes in the search for phylogenetic
invariants to data have taken advantage of specific
properties of S: Cavender & Felsenstein (1987) for
symmetric 2 x 2 matrices; Lake (1987) for the
two-parameter Kimura (1980) model Sy (4 x 4
matrices); Drolet & Sankoff (1990) for the Jukes &
Cantor (1969) model Syc in the case of k£ x k matrices,
k = 2; Fu & Li (1992b), Cavender (1989) and Nguyen
& Speed (1992) for classes of six-parameter 4 x 4
matrices; Evans & Speed (1993) and Steel er al.
(1993c¢) for the three-parameter Kimura (1981) model
Sik (4 x 4 matrices); and Székely et al. (1993) for
models that can be described by random walks on
abelian groups.

The invariants themselves are functions of the
frequencies (among the positions of aligned nucleic
acid or other k-ary sequences) of each (of the k%)
possible N-tuple of states observed at the same
sequence position at the N terminal vertices of T,
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representing the N contemporary organisms for
which the phylogeny is sought.

We have introduced a method (Ferretti & Sankoff,
1993) for finding invariants without any explicit
analysis based on specific qualities of S. In the present
paper we apply this to a number of models more
general than those previously studied, and discuss the
task of finding invariants for the “ultimate” model,
where S consists of all stochastic 4 x 4 matrices with
positive determinant.

2. The Model and the Inference Problem

We denote by T an evolutionary tree (a rooted tree
with positive lengths associated with the edges) whose
branching structure is to be found. We know only
that there must be N terminal vertices, each associated
with an observed nucleotide sequence from one
species. The N sequences are aligned and are all of
length n. It is postulated that T contains at least one
non-terminal vertex, its root, denoted p, such that the
flow of time is directed away from p on all edge on
the paths joining p to the terminal vertices. Each of
the non-terminal vertices represents a idealized
speciation event, and the edge-length |XY| corre-
sponds to the time elapsed between the speciation
(non-terminal) or observation (terminal) events
represented by vertices X and Y. We stress that the
details of T, including the branching structure
connecting its vertices as well as the edge-lengths, is
unknown. What we do know, or assume, is an
evolutionary model, namely a semigroup S of
Markov matrices, each with positive determinant, on
the state space {1, ..., k}, where some Myy € S is to
be associated with each edge XY of T. (In addition,
in some inference problems we assume that we know
an initial distribution (generally uniform) © on the
state space {1,...,k} associated with the root p,
while in the general problem n remains unknown.)

The easiest case to investigate is k = 2, while k = 4
is necessary to model evolution at the level of
nucleotide sequences, and k£ = 20 for proteins.

It will be seen in the ensuing presentation that
dealing with the matrices Myy obviates any reference
to the edge-lengths | X'Y|, and constitutes a somewhat
more general approach. In all these models, one can
identify time with —log det M.

At each of the n aligned sequence positions
independently, we assume that the observed state at
a terminal vertex Y is drawn from {l,..., k}
according to the distribution

AM, M, M,

vovy U0 o

where p =vo,01,...,0,=7Y 1is the sequence of
vertices on the path between p and Y. Note that
M., M., - - M, _,,, €S. The paths from p to two
different terminal vertices Y, and Y, necessarily
contain some of the same non-terminal vertices
p =0y, Ui, ...,0, = X (possibly with ¢ = 0). Then the
structure of T is incorporated into the model by
assuming that the trajectories between p and Y;, and
between p and Y,, are identical between p and X.
Indeed, the sample paths of the process can be
constructed by selecting a state i, at p from {1, ..., k}
according to =, calculating n, = e¢;,M,,,, for each
vertex v, adjacent to p, selecting a state at each such
v, according to the probability distribution 7, and if
vy is a non-terminal vertex, calculating 7, for each v,
adjacent to v, (except vp), and so on.

The n sequence positions are assumed for present
purposes to represent n independent samples of the
same process. For each position, the only part of the
sample path we can observe is the N-tuple
representing its states at the N terminal vertices of T.
The observed frequencies of all possible N-tuples—
the observed spectrum of the process—become the
basic data for phylogenetic inference.

The invariants approach, introduced by Cavender
& Felsenstein (1987) and Lake (1987, 1988), focuses
on estimating the branching structure of T and not
the associated edge lengths. More precisely, it does
not try to reconstruct the details of the matrices
associated with each edge. This limited goal is
motivated largely by the interest of the biologist
primarily in the branching order of the phylogenetic
tree, for example whether X and Y are more closely
related to each other than either is to Z, and only
secondarily in the details of how much time has
elapsed between the divergence of Z and the split of
X from Y. Another major motivation of this
approach is the prohibitive computational expense of
a full maximum likelihood estimation of T and its
edge lengths (Felsenstein, 1991).

The idea is to find a function Qr of the data (the
spectrum) and of tree topology T that is predicted—in
terms of the process hypothesized to have generated
the data—to be invariant (e.g. identically equal to zero)
with respect to the choice of M € S (generalized length)
associated with each edge in the correct tree, but to be
sensitive to this choice (and generally to be remote
from the invariant value) for all other trees U, V, . . ..
Then by evaluating the functions Qr, Qu, Qv, etc on
an observed spectrum, only one should take on (or, for
finite n, be close to) the predicted invariant value,
namely the function associated with the tree that
generated the spectrum, so that this tree can thus be
identified and the phylogeny correctly inferred.
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3. The Nature and Number of Invariants

For a given tree T and a given evolutionary model
represented by the semigroup S, how many invariants
are there? Are invariants necessarily polynomial? If
there are u invariants, can a set of u algebraically
independent invariants be constructed only of
polynomials? These questions remain open in general,
though partial answers are available. To date,
whenever a set of y invariants have been found for a
model, these have been only linear, quadratic and
other polynomial invariants.

Felsenstein (1991) suggested, by counting par-
ameters, that the number of invariants should be equal
to kY — hE, where k" is the number of frequencies f;
making up the spectrum f, and /ZE is the number of
parameters in the k x k evolutionary model generat-
ing these frequencies, /1 being the number of
parameters in each matrix, | <h < k(k— 1), and E
the number of edges in the tree Tt. Intuitively, we
should terms of the other AE frequencies by
eliminating the parameters from the AE of the
equations relating the frequencies to the parameters.
The kY — hE “‘solutions” would be the invariants.

Formalizing these ideas, the number of invariants
in the neighbourhood of a point in parameter space
should be k¥ — rank(D), where the D is the matrix of
partial derivatives of the frequencies with respect to
the parameters. Thus, in certain trees containing
vertices of wvalence 2, it can be shown that
rank(D) < hE, so that the intuitive analysis is mis-
leading. Note that the calculation of the rank can be

l—a—b—c a
a l—a—>b—c¢
b c
c b

difficult, and that a closed form expression for it valid
over the parameter space is not available. In addition,
general theory does not assure us that the invariants
in one neighbourhood are the same as those in
another, even if rank(D) is the same. If we knew that
all invariants were polynomials, answers to these
questions could be cleared up.

3. Previous Work

A variety of semigroups S have been studied, each
representing some compromise between the biological

+ For simplicity we assume that the initial distribution is known;
otherwise we simply add & — 1 to the number of model parameters
in the following analysis.
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reality they are supposed to model and the
mathematical feasibility of solving the inference
problem. The invariants associated with these models
have been discovered using very diverse approaches
and are all polynomial functions of the k"
components of the expected spectrum f.

The simplest (and hence the least realistic) of the
models is that of Jukes & Cantor (1969) generalized
to k states, where the k x k substitution matrices form
a semigroup S;c and have form

MXY:
1—(k—1a a a
a 1—(k—1Da --- a
a a 1 —(k—1Da

where 0 <a<1—(k—1)a. When k=4, S)c is
the original Jukes & Cantor (1969) model. For a fixed
k, the parameter a completely determines the
matrix. Setting ¢t = —log(l — ka), the parameter ¢
may be identified with edge length in the sense
that X¢ over any path vy, vi, ..., v, in the tree is

equal to the parameter ¢ derived from the
matrix M, M,p," "M, ,,. Also —logdetM =
ttk —1).

A more realistic, three-parameter model for k = 4
was proposed by Kimura (1981). We denote this Sixk.
Its matrices have form:

b c

c b
l—a—>b—c a ’

a l—a—b—c

where a>b and a>c¢. Matrices of this form
satisfying the additional constraint » = ¢ make up the
Kimura (1980) two-parameter model S;k. Another
notable model for k£ = 4 was proposed by Cavender
(1989) in the context of invariant analysis. The
matrices in this model, denoted Scav, have six inde-
pendent parameters and are generally asymmetric:

1—a—2b a b b
c 1 —c—2d d d
p p l—qg—=2p q ’
r r ) 1 —s—2r

where a+b=c+d and s+r=p+¢q. Scav is a
particular case of the model considered by Nguyen &
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Speed (1992) where the semigroup Sns is the set of
matrices of form

l—a— 04+ a)b a
c l—c— 0+ a)d
p Bp
r pr

where o and f are constants.

Table 1 summarizes the principal results obtained
to date. It indicates, for each reference, the number of
invariants, and their polynomial degrees, found in
various contexts characterized by N, k, =, T and S.

Some existence results are also available. Cavender
(1991) and Fu & Li (1992a) independently established
necessary and sufficient conditions on S for the
existence of linear invariants. Fu & Li (1991) have
also obtained this kind of result for the existence of
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b ob
d od
l—qg—(0+pp q ’
s 1—s—(1+p)r
4. Method
4.1. THE SEARCH FOR INVARIANTS

We denote by f=(fi,...,f,) the probability
distribution of w = k¥ N-tuples for a given rooted tree
T, a given root distribution 7, and a given set of
matrices M = {M,, ..., M,y _,} from S associated
with the 2N — 2 edges of T. We wish to find all
invariants Q having a specific parametric form

certain types of quadratic invariants. 0 =01, (1)

TABLE 1

Summary of invariant literature

Model Invariant
Citation N T n S d Methodology
Lakes (1987) 4 —R U Sk 1 Heuristic
Cavender & Independence;
Felsenstein 4 2 —R U Sic 2 four-point metric
(1987)
Felsenstein 3,4 4 —R & U Sic 3 Heuristic
(1991)
Drolet & 4 =2 —R U Sic 2 Independence;
Sankoff (1990) four-point metric
Sankoff (1990) >2 =2 —R U Symmetric =2 Independence
Cavender 4 4 R A Scav 1 Vectorial analysis;
(1989) numerical method
Nguyen & =2 4 R A Sxs 1 Vectorial analysis
Speed (1992)
Ferretti & 4 =2 —R 18} Sic 1,2 Empirical
Sankoff (1993)
Fu & Li (1992b) >2 4 A A Scav 1 Analytical method
Steel et >2 =2 R A M| #0, +1 >2 Four-point metric
al. (1993b)
Steel et al. Random walk
(1993¢) >2 4 R A Sik =2 on abelian group;

Fourier analysis
Evans & Speed Random walk
(1993) >2 4 R A Sak =1 on abelian group;
Fourier analysis
Ferretti & 3,4 2.4 R C M Empirical
Sankoff (1994) asymmetric 1,2
This paper 4 2 R C Sax 2 Empirical
This paper 4 4 R A 10-param. 3 Empirical
N: number of terminals on tree.

k: size of state space.
T: rooted (R), Unrooted (—R) or Arbitrary (A).
S: semigroup.

n: root distribution: Uniform (U), Arbitrary (A) or Constrained (C).

d: degree of polynomial.
Independence: independence of events in disjoint paths in T.

Four-point metric: property of lengths (like —det M) in “additive” tree structures.
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where A represents a vector of parameters. The
problem becomes that of determining all A for which
the function Q is invariant over all M and all =, i.e.
identically equal to zero, independent of the specific
parameters associated with each of the edges and the
root.

Since Q is to be invariant with respect to the
parameters of the model, we simply choose m sets (i)
of root distributions and m sets M(i) of matrices,
Il <i<m, for T at random, calculate explicitly
the distribution f(7) for each set, and set up the system:

O(f(1),2) =0

Q(f(m), 1) = 0. 2)

The set of invariants having of form Q is necessarily
contained in the set of non-trivial solutions of this
sytem.

Consider the important case of quadratic invari-
ants. The function Q in (1) is of form

o.M = )

1<i<j<w

Aififss (©)

and then the equations in (2) can be written as a
system of homogeneous linear equations in the
unknown A4;

G-A=0,

where G is a m X v matrix, v = w(w + 1)/2, with
elements

gm = fi(h)f;(h),

A; being the n-th component of A. The set of solutions
to G-Ah =0 defines the kernel of the matrix G,
denoted ker(G). This is a vector subspace of
dimension equal to v — rank(G) for which the
simplest basis is a set of vectors expressing the linear
dependences existing among the columns of G.

The key to the choice of m, = and M is to ensure
that there are no extra solutions to G - A = 0 owing
to accidental dependences among its columns. This
can be ensured by making m as large as feasible so
that any accident must be an extremely improbable
multiple coincidence, and by choosing random
positive parameters, so that the set of such accidents
has measure zero. In practice, of course, with
pseudo-random generators this cannot be assured,
but this is of no mathematical importance since
spurious invariants are, as we shall see, easily detected
and discarded. As we shall also see, however, it is of
practical importance to keep the number of candidate
invariants as small as possible.

Since G is a real matrix, the precise solution of
G - L =0, and of the larger problems of this sort we
encounter with our method, becomes computation-
ally cumbersome. It is easier to embed G-A =01in a
multiple regression problem

G- L=0+e¢,

where each row of G is an observation of the v
independent regressor variables and 0 contains the
values (all zero) of the dependent variable. We can
then be sure that our estimate of A has good
properties. Given that the key quantity in this
problem is rank(G), it is not necessary to take m > v.

4.2. REMOVING ALGEBRAIC DEPENDENCE

Suppose that we obtain the set {Q,...,Q,} of
quadratic invariants as linear basis for Ker(G), the
solutions subspace of system (2) for a given model.
By definition, the polynomials Q, . . ., Q, are linearly
independent, i.e. for any quadratic equation of
form

»

z 4;0: = 0,

i=1
it must be that 4, =0, for all i, 1 < i< p, and for all
probability distributions f = (fi, ..., f,). Our goal,
however, is to find the smallest set of invariants which
algebraically spans the set of all invariants. A linearly
independent set of invariants could still contain
algebraically functionally dependent elements which,
ideally, we would like to exclude. For example, does
{O1,...,0Q0,} contain elements which are cubically
related? In other words, are there coefficients A; such
that

woop
Y 2 AufiQi=0? “4)
i=1j=1
This question may also be investigated “‘empirically”.
We evaluate for r randomly generated probability
distributions f(#), 1 < h < r (not necessarily spectra
since they are not generated by any process over a
fixed tree), the p x w quantities f;(h)Q;(f(h)). The
p x w terms derived from each probability distri-
bution form one of the r rows of a matrix H (we may
take r = p x w). Then Ker(H) represents the set of
dependences of form (4) among the polynomials
O, ...,0,.

We may go a step further and find in the same way
quartic or higher degree algebraic relations between
0Oi,...,0,. However, as we shall see, there is a
computational limit to this kind of investigation,
owing to the rapid growth of the size of matrix H as
the degree of the relation increases.
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5. Three Applications
5.1. QUADRATIC INVARIANTS FOR Sy

We now apply our method to find all quadratic
invariants for tree T; in Fig. 1 for the model Sx

1 —a—2b a b b
a l1—a—-2b b b
b b l1—a—2b a ’
b b a l1—a—-2b
(5)

with the uniform root distribution = = (1/4, 1/4, 1/
4, 1/4). There are thus ten unknown parameters in this
inference problem, namely two for each edge. We
write f(g) for the probability of observing the
four-tuple g = (q1, ¢», g3, q4) at a given position. We
have

f(CI) = Z Z MEF(i,,j)MEA(is %)

X Mggp(i, ¢2)Mrc(j, ¢3)Mep (J, q4).  (6)

Given q, we define the four-tuple
a(q) = (01, 02, 03, 04) recursively as follows: set g, = 1
and, given gy, ...,0;, 1 <j <3,

g;+1 = gy if there exists j* < j such that ¢; = ¢,
otherwise,
o;+1 = 2 if the substitution (g1, g;+1) is a transition
=3 if (¢, ¢;+1) 1s a transversion
and 0, #3, 1 <j'<J
=4 if (q1, ¢;+1) 1s a transversion and
if 3j" <j such that g, = 3.

For example, d((3,4,2,2))=(1,2,3,3),
g((2,4,3,1)=(1,3,4,2), and so on. By the sym-
metries in the model, one has that f(q) = f(¢’) if and
only if 6(q) = a(q"). Then, it will be simpler to treat
only one representative from each of the 36 classes in
the partition induced by this equality, which we
denote as follow:

=8, L 1L, fiu=58(1,2,1,3)
f£=501,1,1,2)  fu=5(1,3,1,2)
A C A C A C
< X, ¥
B D B D B~ D
1 2 3

F1G. 1. The three unrooted binary trees on four species.

fi=S1,1,1,3)  fu=S5(1,3,1,4)
fi=5S1,1,2,1)  fu=5(1,2,3,1)
fi=5S1,1,3,1)  fis=5(1,3,2,1)
fi=5(1,1,2,2)  fu=S(1,3,4,1)
fi=S81,1,3,3)  fis=5(1,2,3,3)
fi=S1,2,1,1)  fio=5(1,3,2,2)
fi=51,3,1,1)  fu=5(1,3,4,4)
fo=38(1,2,1,2)  fux=5(1,2,3,2)
fu=8(1,3,1,3)  fu=25(1,3,2,3)
fo=S8(1,2,2,1)  fu=25(1,3,4,3)
fis=S8(1,3,3,1)  fu=501,2,273)
fis=S(1,2,2,2)  fo=25(1,3,3,2)
fis=S(1,3,3,3) fu=25(1,3,3,4)
Sio=S81,1,2,3)  fu=S(,2,3,4)
fi=S8(1,1,3,2)  fis=5(1,3,2,4)
fis=S(1,1,3,4)  fiu=501,3,4,2, (1)
where
S(01, 02, 03, 04) = Z f@).

q:0(q) = (01,62,03,04)
Note that ¥, /i = 1.

With this notation, the problem is then to
determinate all the invariants of the form (3) with
w = 36. We first construct the matrix G. To do this
we randomly choose m =uv=0666 points
p(l), ..., p(666) in ten-
dimensional space to be the parameters in the various
M. We can then accurately calculate the 36f; for each
of the 666 spectra f(1), . . ., f(666). Using all of these
values we can construct the 666 x 666 matrix G. The
set of quadratic invariants must be in ker(G).

5.1.2. Results

We find that rank(G) = 541 so that the canonical
basis of ker(G) contains 125 elements. Among these
invariants, 53 can be factored as f;L, or f;L,, for some
i,1 <i<36,where L, and L, are linear combinations
of the fi. As a by-product, then, we have found the
set of linear invariants for Sx. L, and L, are none
other than the two invariants discovered by Lake
(1987), namely

Li=fo+ f — fu — f3s
Ly = fou+ fin — fis — fr.

Another 18 of the 125 invariants can be discarded as
being of the form f,L,+ Q, where Q is itself a
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quadratic invariant. Thus there remain 54 quadratic
invariants, which we denote Q, .. ., Os, and which
are given in Appendix A.

Applying the arguments about the number of
invariants at the end of Section 2, with # =2 and =«
given, we know that there must exist 256 — 10 = 246
independent invariants for this model. But 220 of
these invariants are simply the symmetric relations
summarized in (7), and we have in addition the trivial
invariant X f=1. There must then be at least
56 — (246 — 220 — 1) = 31 algebraic relations among
the invariants L,, L,, Qi, ..., Oss and we can apply
the method of Section 4.2 to find all the cubic
relations (4) among Q;, . .., Qs. In this case, p = 54
and w = 36, and we must then find the kernel of a
matrix H of dimension 1944 x 1944,

We find 23 relations of form (4) (see equations in
Appendix B) which allow us to eliminate the
invariants Qx, Qs, - . . , Oss. There are no more cubic
relations among the invariants Q, . . ., Qs;, but there
may be among L, L,, Qi, ..., Q3. That is, there
may be coefficients 4;, B; and Cj;, not all zero, such
that

Z Aiif;f;Ll + Z Bi/'ﬁf/tL2

i<jell, 36] i<jell, 36]

+

ie[l,36)je[l,31]

C,-,f,-Q,- =0. (8)

Our method would require, in this case, a matrix H
of dimension 2448 x 2448. It can be seen that the
search for dependencies (8) as well as those of higher
order, e.g. quartic, is limited by the computational
size of the problem. For the moment then, we remain
with 33 — 25 = 8 invariants too many.

The fact that our A are, strictly speaking, only
estimated by the computer program on the basis of a
(pseudo)-random sample might seem to relegate to
the realm conjecture the invariant status of the forms
in (A.1) in Appendix A. This is not the case, however.
Substituting (5) and (6) into (A.1) proves explicitly
that the forms are all invariant. That this latter
calculation is impractical in many cases without the
use of symbolic computing does not detract from the
certainty of the result.

The quadratic forms Q;,..., Qs are not only
invariants, but are true phylogenetic invariants in that
they are non-zero for spectra f calculated according
to the topologies of trees T, or T; in Fig. 1, and
indeed vary with the edge matrix parameters
associated with these trees. The linear forms L, and
L., however, are each invariant for two of the three
trees and variable with the edge matrix parameters of
the third one.

5.2. QUADRATIC INVARIANTS FOR A MODEL WITH
DEPENDENCE BETWEEN POSITIONS

The hypothesis of independent evolution of the
values at different positions of a sequence is not really
necessary in our search for invariants because our
spectra f consist of expected frequencies at one position
and estimations of f by averaging over positions is not
affected by dependence, since summation and expec-
tation commute. However, non-independence may
severely interfere with the convergence of the observed
spectra to the expected value. Moreover, non-indepen-
dence is widespread, since positions that are close
together in either primary or secondary structure may
co-evolve. In this section, we investigate a simple
model of evolution that incorporates a degree of
non-independence between pairs (e.g. adjacent pairs)
of positions. Steel ez al. (1993¢) have also proposed
non-linear invariants for evolutionary models where
the positions do not correspond to independent
identically distributed (i.i.d.) random variables

We first divide the N aligned sequences of length n
into n/2 pairs of positions, and define our semigroup
S of k*xk* matrices on the state space
{1,...,k} x {1,...,k}. We can then obtain spectra
f on pairs of positions, and apply our method to obtain
polynomial invariants. The assumption that the
observed N-tuples are produced by i.i.d. random
variables at each of n positions no longer holds, but is
bequeathed to the n/2 pairs instead. Note that the
positions constituting each pair are not necessarily
adjacent in the sequence, which allows us to model,
say, secondary structure constraints.

In the simplest case, the original state space is {1, 2}.
Each pair of positions can then take on the following
values: 11, 22, 12, 21, which we renumber as 1, 2, 3, 4,
respectively. Because of the symmetry between states 1
and 2 and between states 3 and 4, it seems appropriate
to use the S,k model where 12 and 3<4 are
“transitions” (rare in this context) and the other
substitutions are “transversions”. The root distribution
is m where n(l) ==n(2) and =(3) = n(4), which is
consistent, for example, with random binary sequences.

We will first look for quadratic invariants for the
tree T, on the three species A, B and C in Fig. 2. Given
the symmetries in S and in =, we classify the
components of the spectrum f as follows:

S=A111D+12,2,2)
L=/ 1 3) +£2,2,3) + f(1, 1,4 + f(2,2,4)
fi=/0,1,2) + 12,2, 1)
fi=f,3, 1)+ £2,3,2) + f(1,4, 1) + f(2.4,2)
fs=A(1,3,3) + f(1,4,4) + £(2,3,3) + f(2, 4, 4)
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p p P p
A B CA C BB C AA B C
1 2 3 4

F1G. 2. The four rooted trees on three terminal vertices.

fo=f(1,3,4) + £(2,3,4) + f(1,4,3) + f(2.4.3)
fr=00,3,2)+f(1,4,2) + (2,3, ) + f(2.4, 1)
f=/0,2, 1) + /2,1, 2)
fr=,0,2,3)+f(1,2,4) + f(2,1,3) + f(2. 1, 4)
So=A1,2,2) + 12,1, 1)
Fu= G, L)+ /3,2, + (4, 1, 1) + f(4,2,2)
fo=1G,1,3) + f(3,2,3) + f(4, 1,4) + f(4,2,4)
S =fG, L4 +1G,2,4) +/(4,1,3) + /4,2, 3)
Su=/G,1,2) + /3,2, ) +f(4,1,2) + /(4. 2, 1)
fis =133, 1)+ f(3,3,2) + f(4. 4, 1) + f(4,4,2)
fie=1(3,3,3) + f(4,4,4)
fir=1(3,3,4) + /(4,4,3)
fu =134 1)+ f3,4,2) + f(4.3, 1) + f(4,3,2)
Sro=1(3,4,3) +/(4.3,4)
Jo =13, 4,4) +1(4,3,3).

The symmetries ensure that each of the components
of f; are equal, for each matrix in S. We have also that
2 f; = 1. Applying our method, we find a matrix G of
dimension 210 x 210 and of rank 198. After
eliminating cubic dependences among the 12 invari-
ants thus found, we are left with the following nine
quadratic invariants:

O = —ffu+ 2f:fi + 2fifis — fofuu + fs/is
+/foSis = 2frfre — 2fafin

0> = —fofu + 2fifi + 2fs fis — fofis + fifis
+/fofis = 2fafie — 211 /17

Os = fofu = 2fwfe = 2fsfis + fofua — f5/is
—Jofis + 2f1f10 + 2fif

Qs = fofir = 2fsfi2 — 2fufis + fofis — f5/is
—fo/is + 2fifio + 2f1f

Os = fofis = 2fufie — 2 /i1 — fofis
+2ff10 + 2fi f0

Qs = fufs — fafs — f5/71 + Jofr — funfia
+/ufis + fofis = fisfia

Q7= —fofa+ 2ffs + 20 fs — of + frfis
+/isfis — 2f1afie — 2fufin

Os = 2fefs — fofo — o + 2fsSio + fiofs
+/i3fis = 2fiafio — 2fiifa

Qs = —fofs + /ifs + fifo — fofio — frefis
—fufis + fisfo + fisfa.

It is within the limits of computational feasibility
to find all possible quartic relations involving the
invariants for this model; i.e. relations of form
2]gi<_1g20 Eke[],g]A,','/((f,f;Qk =0. To do thiS, we must
construct a matrix H of dimension 1890 x 1890.
We found that rank(H) = 1845. Each of the
1890 — 1845 = 45 relations turns out to be one of the
45 trivials relations of form Q,Q; — Q,0; = 0. Thus
there are no non-trivial quartic relations among the
polynomials Qy, ..., Q.

All these functions, whose invariant status has been
confirmed with the help of symbolic computing, are
not invariant when applied to spectra f generated by
the trees T, and T; of Fig. 2.

Invoking the arguments of Section 3 above, there
should be ten algebraically independent invariants for
this model. There must thus be one invariant in f for
which the functional form is not quadratic.

5.3. SKEWED BASE COMPOSITION

The evolution of nucleotide sequences is most
frequently modeled so that S contains symmetric
substitution matrices on the set of four nucleotide
bases {A, G, C, T}, with uniform initial distribution
7. Such models are inappropriate when the observed
base compositions deviate strongly from uniform,
because evolutionary inference methods, assuming
uniformity and symmetry, are likely to group species
on the basis of similar base compositions rather than
true homology. Ferretti & Sankoff (1994) investigated
asymmetric matrices and arbitrary initial distri-
butions as models for evolution where the phyloge-
netic inference problem involves species with skewed
(AT-rich or AT-poor) base compositions. The three
difficulties faced in this study were: first, that it was
not trivial to define a constrained semigroup modeling
skewed base compositions; second, that even when
such semigroups were found, there were not
necessarily any low-degree polynomial phylogenetic
invariants; and third, that the empirical methodology
quickly became computationally difficult as the
number of parameters increased.
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In the search for a tractable model for the evolution
of skewed base composition, the following scenario
was postulated. A group of organisms evolves in
similar environments, possibly different from that of
their common ancestor, and this environment puts a
constant asymmetric pressure on mutation ten-
dencies, so that the chances of changing state in one
direction is a constant multiplied by that of the other
direction, this constant being universal across the
group of organisms. Thus, given a constant ¢ > 1,
consider matrices of the form:

M=<1—a a >’
ca 1 —ca

where a varies between 0 and 1/2c¢. It is easy to prove
that these matrices form a semigroup, which we
denote S.. In a biological context, we might imagine
that ¢ might range as high as 2 or 3.

Consider first the case of N = 3 species and the tree
T, of Fig. 2. The parameter space now is five
dimensional (the probability 7, and the four matrix
parameters @) and the matrix G, as computed from
v=2%2°+ 1)/2, is 36 x 36.

Calculation shows that rank(G)=35 for
c=1,2,3,...so that a basis of the subspace ker(G)
contains only one element. For all values of ¢, this
invariant could be expressed as

Sfs=hfs—=hfs + (e = Dfafs + fifs
— (¢ = Dfsfs + cfafs — cfefs — cfsfs + cfsfs,
where
SH=A L1 A=f112) fi=f121)
fa=/(1,2.2)
=12 LD fi=/2,1.2) f=/f221)
Js=12,2,2).

With the help of symbolic computing, it was proved
explicitly that this form is invariant for all real c.
From the discussion in Section 3, it can be seen that
this is one of only two possible invariants for this
model. However, the other cannot be a quadratic
invariant.

The invariant found is a phylogenetic invariant,
since not only is it identically zero for T, in Fig. 2, but
it is non-zero and varies with the edge matrix
parameters when applied to spectra f for trees T, and
T;. Since T, represents a degenerate case of T, (in the
matrix associated with pE, a = 0, representing a zero
edge length), the formula is also invariant for this case.

Ferretti & Sankoff (1994) also studied the more
difficult case of N = 4 organisms. Consider the tree T,
in Fig. 3, which depicts the 26 rooted trees with N = 4

1 2 3

AN
ABCDACBDADBZC ABCD
ABCDC CABDBCADABCDC CDARB
VNN I
CDAB CBDA CABDACBDBDAC
ACDB DACB CDABCBADADBZGC
13 14 15

ADBC ACDB ABCD
22 23 24 25

BACDCABD DABCADBC

F1G. 3. The 26 rooted trees on N = 4 terminal vertices.

terminal vertices. The spectrum f has 16 terms for
which we use the following abbreviated notation:

Si=/A L LD f=/21,1,1)
L=f1112) fo=/(2112)
f=7/0,1,2,1) fu=f2,1,2,1)
fi=101,1,2,2) f=/(12,1,2,2)
=702, 1, 1) fu=/(2,2,11)
Jo=71,2,1,2) fu=/2,2,1,2)
f=71,2,2,1) fis=/(2,2,2,1)
fs=101,2,2,2) fis=/12,2,2,2).
Applying our method, a 136 x 136 matrix G of rank
125 was constructed for each of c=1,2,3,.... The

11 quadratic invariants making up ker(G) were found.
Five cubic and two quartic relations were then found
relating these invariants so that all except the
following four could be eliminated as being
algebraically dependent:

O\ = fofs = fifs = fife + (¢ = Dfsfe+cfafe + /i fr
— (¢ = Dsfi—cfifs — chofs + cfsfs

Ox = fofo = fsfs = fifw + (¢ = Dfsfio + cfifuo + fifu
—(c— Dfofu — cfafu — cfof + cfsfr2

Os = fofs = [ifo = ofs + (¢ = Dfefo+fifwo
—(e=Dfsfo+cfefs—chofis—cfsfutcfofia

Qu=fifs=Nifi = fifo + (¢ = Dfifs + fifu
—(c—=Dfsfu+cfifs—cfufs—cfsfis+chfis.
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The arguments in Section 3 ensure that there must be
two additional dependencies among these four
functions, expressible as linear combinations where
the coefficients are quotients of polynomials in the
components of f, but these are not yet known.

The Q are quadratic phylogenetic invariants; each
is invariant for certain of the trees in Fig. 3 and not
for others. This information is summarized in Table
2, where the invariance (or not) of each of Oy, ..., O,
is given for a spectrum f calculated according to the
26 topologies of Fig. 3.

The invariants for trees T, and T; can be obtained
from Q,,...,Qs by simple permutation of the
frequencies f;. For example, the role of f; in the
context of T, is played by f; in T,. To find the
invariants for T,, however, we must carry out the
complete procedure as for T,. After constructing the
matrix G, applying our method and eliminating the
algebraic dependencies, we finally arrive at just two
invariants, which turn out to be Q; and Q.. The
invariants for the 11 trees of the same shape as T, are
obtained by appropriately permuting the frequencies
fiin Q; and Q,.

It can be seen that each of the invariants
corresponds to one pair of terminal vertices, either A
and B, or C and D; that is, each Q is invariant in all
and only those trees where the pair is closely grouped.
Thus Q, is invariant for just those trees in Table 2

TABLE 2
Invariants and topologies

O 0> s 04
T, I 1 1 1
T, NI NI NI NI
T, NI NI NI NI
T NI NI I 1
Ts NI NI NI NI
Ts NI NI NI NI
T, NI NI I 1
Ts NI NI NI NI
T NI NI NI NI
Tho NI NI NI NI
Tu NI NI NI NI
T I I NI NI
T NI NI NI NI
T NI NI NI NI
Tis I 1 NI NI
Tis I 1 1 1
T I 1 1 1
Tis NI NI NI NI
T NI NI NI NI
Tz NI NI NI NI
Ta NI NI NI NI
T 1 1 NI NI
Tx NI NI I I
T NI NI 1 1
Tos 1 1 NI NI

Tas I I I I

I: invariant, NI: not invariant.

where C and D are at least as closely grouped as either
is with A or B, T1, T]z, T15, T]{,, T17, Tzz, T25 and Tz(,.

Using small subunit ribosomal RNA sequences,
Ferretti ef al. (1994) used these invariants to confirm
the phylogenetic relationships differentiating among
four AT-rich fungi and among a set of AT-poor
organisms including two plant mitochondria and two
eubacteria closely related to the bacterial endosym-
biont thought to be ancestral to present-day
mitochondria.

Note that Scav, which is asymmetric, has only been
shown to have linear invariants. A different approach
to correcting for skewed base composition, using
simulation, has recently been suggested by Steel et al.
(1993a).

6. Computational Considerations

In the light of the three preceding examples, it is
clear that our method is limited by the computational
size necessary for its application, not only in the search
for invariants, but also in the detection of algebraic
dependence among them. This computational size
depends directly on the dimension v* of G or H. v
varies as a function of the number w of components in
the spectrum f and on the nature of the parametric
form Q. For example, to find linear invariants, v = w;
for quadratic invariants, v = w(w + 1)/2; and gener-
ally, for polynomial invariants of degree d,
v=w+d—1D/d(w— 1) At worst, w = k", but we
have seen how the existence of symmetries in the
evolutionary model allows us to reduce this number.
The existence of symmetries in a model is related to the
number of parameters necessary to define its semigroup
S and its root distribution x: the less the number of
parameters, the more symmetries there are and the
greater the possibility for working with a smaller G.

Ideally, we would like to have invariants for the
most general model possible, which would then be
applicable to all possible situations. In such a model,
we would have (k— 1)(k 4+ 1) independent par-
ameters (k — 1 for = and k(k — 1) for S) and, from
Cavender (1991) we already know that there can be
no linear invariant for this. As for higher order
invariants, our method rapidly becomes impracticable
as k and N increase, because, in this case, w = k",

One way of getting around this difficulty is to
develop methods that allow us to derive new invariants
with the help of known invariants for less general
models. This is the great interest in results such as
Proposition 4 of Cavender (1991) which stipulates
that a semigroup containing Scay generates the same
invariants as Scay (or none). Similarly, methods like
that of Fu & Li (1992b) that find all invariants for NV
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species based on the invariants for N — 1. Unfortu-
nately for our purposes, these two techniques are only
pertinent to linear invariants.

In the next section, we combine our method with
an ingenious technique from Felseinstein (1991) to
obtain, based on invariants for a two-state, two-par-
ameter per edge model, invariants for k£ = 4 with ten
independent parameters per edge.

7. Cubic Invariants for a Ten-parameter Model

Consider the tree T; with N = 4 terminals in Fig.
3 and the model M, with k=2 states {o,f},
characterized by the semigroup of matrices of form

o B
)

and an arbitrary root distribution n. Let

Sr=Sfl o, 0,0) fo=fB, o, o, o)

fr=flo a0, B) fro=f(B, o, o, B)

fi=Sfl o, Boo) fu=f(B, o p, o)

Jo=fl, o, B, ) fo=f(B, B, p)

Js =S, Boo o) fis=f(B, B, o, o)

Jo=Sl, B, B) fra=Sf(B, B, o, B)

fr=fl, B, B, 0) fis=f(B, B, B, o)

Js=F, B, B, B) fe=SB. B, B, )  (10)
be the 16 components of the spectrum f = (f1, . . ., fi6)-

Applying our method, we find that there exists no
linear and no quadratic invariants for this model. We
do find, however, a set of 16 cubic phylogenetic
invariants, which we reduce to six after determining the
dependences of degree four and five in f:

Q1 = —fifofo + ofafo + fifsho — fifofwo

0> = —fafofo + Lfsfo + fufsfro = fifsfro
— ffsfo + fifsfi

Os = —fifsfis + fofifis + fifsha — fifofrs
— Lfshs + fifsfis

Qu= —fafefis + Lofsfis + fofsha — fifsfia
— fofshe + fifsfis

Os = —fifufutfifufis+fifofis — fififis
— fifofie + fifiifis
Os = —fsfufutfififiutfsfufis—fofufis
— fifuhs + fefufs (11)

These six polynomials are invariant for the spectra f
calculated according to the trees T,, T4, Ty, Ty, Tis,
T16, T17, Tzz, T23, T24, T25 and T26 of Flg 3, but they
are not for the other trees in the same figure. Once
again, we can show that there exists at least four other
independent algebraic relations among Q,, . . ., Q.

Now consider the state space {1, 2, 3, 4}. Suppose
that the event ““to be in state o is defined as the event
“to be in state 1 or 2” and the event ““to be in state
B is defined as the event “to be in state 3 or 4”. With
these definitions, we can extend our model M, to a
stochastic model M4 with four states, in which, for
example, each of the four substitutions (1, 3), (1, 4),
(2, 3) and (2, 4) is represented by a substitution (o, ff)
in model M,. Let

d e
h i
n o
ros

(12)

_ ~0 o

be a transition matrix of M. By (9), P[(«, )] = a and
P[(f,2)] = b, so the following constraints should
hold:

et+f=i+j=a
l+n=qg+r=>, (13)

and hence the matrix (12) contains ten independent
parameters. It is easily verified that the set of matrices
of form (12) with constraints (13) do constitute a
semigroup. With the correspondence we defined
between M, and My, each of the frequencies f; in (10)
can be written as a linear combination of 16 different
components of the spectrum f of model M,. For
example,

L=A1L131D+f1,1,3,2) +/(1,2,3,1)
+/(1,2,3,2)+/(2,1,3, 1) + f(2, 1, 3, 2)
+/2,2,3, )+ f(2,2,3,2) + f(1, 1,4, 1)
+/(1,1,4,2)+f(1,2,4,1) + f(1, 2,4, 2)
+/2, 1,4, 1)+ f(2,1,4,2)
+/2,2,4, 1)+ f(2,2,4,2).

Substituting this equation and the 15 others of the
same type in (11), we obtain six cubic invariants for
the model My. Given the length of these expressions,
we present only the first one.

Or=—(1, 1,3, 1) +/(1,1,3,2) + (1, 1,4, 1)
+ /1L, 1,4,2) + f(1,2,3, 1) + f(1,2,3,2)
+/(1,2,4, 1) + £(1,2,4,2) + f(2,1,3, 1)
+ /2, 1,3, )+ /12, 1,4, 1) + f(2,1,4,2)
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+£(2,2,3, 1)+ £(2,2,3,2) + f(2. 2,4, 1) +2,3, 1, 1) + (2,3, 1,2) + f(2.3,2, 1)
+£2,2,4,2)(f(1,3,1,3) + f(1,3, 1, 4) +£(2,3,2,2) +f2,4, 1, 1) + f(2,4,1,2)
+£(1,3,2,3) + (1,3, 2,4) + (1,4, 1, 3) +/(2,4,2, 1) + /(2,4,2,2))(f3, 1, 1, 3)
T, 4, 1,4) + f(1,4,2,3) + f(1,4,2, 4) +/3,1,1,4) 4+ f(3,1,2,3) + f(3, 1, 2, 4)
231 3) 4 A2 3,1, 4) + £(2.3.2.3) +£3,2,1,3) +£(3,2, 1,4) + £(3,2,2,3)
3. 2.4) 1 f(2. 4. 1.3) 1 f(2. 4.1, 4) +£(3.2,2,4) + f(4, 1, 1,3) + f(4, 1, 1, 4)
veazy Az e
+/3, 1, 1,2) + /3, 1,2, ) + £(3,1,2,2) oo, 1 1)+f(; L 1 YRR
/6.2 LD +/6,2 1. 9+/6,2. 2. ) +/(1,1,2,2) + /1,2, 1, 1) + /{1, 2,1, 2)
/3,222 +/@4, 11D +/641.1,2) FAL 22 1)+ f(1,2,2,2) + f2 1,1, 1)
41,2, D+ 1,29 +/4. 2, 1. 1) AR L) S22 )2 1,2,2)
4.2, 1,9 +/4,2,2, D +/4,2,2, 2) FAR 2L ) 4 f2.2.1,2) + 2. 2,2, 1)
+(f(1,1,1,3) + (1,1, 1,4) + f(1, 1,2, 3) 22,2, 2)(F(0. 3.3, 1) + A(1.3.3.2)
AL 1, 2,4) + A(1,2,1,3) + £(1,2,1,4) L3 A1) 4 A1 3.4, 2) + f(1.4.3.1)
+1,2,2,3)+/01,2,2,4) + /2. 1. 1. 3) A1, 4,3,2) + f(1, 4,4, 1) + f(1, 4,4, 2)
A2, 1, 1,4) +£(2,1,2,3) + £(2,1,2,4) AR )+ A2.3.3.2) + f2. 3. 4. 1)
+f2,2,1,3) + /2,2, 1,4 + /2,22, 3) F2,3,4,2) + f(2, 4,3, 1) + f(2,4,3,2)
+/2,2,2,4)(/(1, 3,3, 1) + /1,3, 3,2) +f(2.4,4.1) + £2,4,4,2)(f3, 1, 1, 3)
+/1,3,4, 1) +f01,3,4,2) + f(1, 4,3, 1) /G 1, 1L, 4) + 3, 1,2,3) + /3, 1,2, 4)
+/(1,4,3,2) + /(1,4,4,1) + f(1,4,4,2) +/(3,2,1,3) + (3,2, 1, 4)4+/(3, 2,2, 3)
+/(2,3,3, 1) +/(2,3,3,2) + f(2,3,4, 1) +/(3,2,2,4) + f(4,1,1,3) + f(4, 1, 1, 4)
+2,3,4.2)+/2.4.3, 1) +/2.4.3,2) 14, 1,2,3)4/(4,1,2,4) + f(4,2,1,3)
+2, 44, 1) +12,4,4,2)(fG, 1, 1, 1) +/(4,2,1,4) + f(4,2,2,3) + f(4,2.2, 4))
+/G. L 1,2)+ /3. 1,2, 1) +/3,1,2,2) —(A(L L L, D)+ A1, 1,1,2) 4+ £(1,1,2,1)
+/3,2,1, 1) +/(3,2,1,2) + (3,2, 2, 1) +£(1,1,2,2) + f(1,2,1, D)+£(1,2,1,2)
+/3,2,2,2) + /4, 1,1, 1)+ f(4, 1, 1, 2) +A1,2,2, )+ £(1,2,2,2) + f(2, 1,1, 1)
+/(4,1,2,)+/4,1,2,2) + (4,2, 1, 1) +2, 1, 1,2)+ (2, 1,2, )+ £(2,1,2,2)
+/(4,2,1,2) + /(4,2,2,1) + /(4, 2,2, 2)) +2.2, 1, 1) + /2,2, 1,2) + f(2,2,2, 1)
+(A1L, 1,3, 1)+ £(1,1,3,2) + (1, 1,4, 1) +/(2,2,2,2)(f(1,3,3,1) + £(1,3,3,2)
+A(1,1,4,2) + /(1,2,3, 1) + (1,2,3,2) +/(1,3,4, 1) +(1,3,4,2)4+/(1,4,3, 1)
+/(1,2,4, 1) +/(1,2,4,2) + f(2, 1,3, 1) +/(1,4,3,2) + f(1,4,4, 1) + 1(1,4,4,2)
+/(2,1,3,2) + /2, 1,4,1) + (2, 1,4,2) +£2,3,3, D+£(2,3,3,2) + f(2,3,4, 1)
+£2,2,3, 1) + £(2,2,3,2) + £(2,2,4,1) +£(2,3,4,2) +£(2,4,3, 1) + f(2,4,3,2)
+£2,2,4,2)(f1,3,1, 1) + £(1,3,1,2) +£(2,4,4,1) + £(2,4,4,2)(f(3, 1,1, 3)
+A1,3,2, 1) + £(1,3,2,2) + f(1,4, 1, 1) +/G. L 1L4)+/3,1,2,3)+ (3, 1,2, 4)
(1,4, 1,2)+£(1,4,2,1) + (1,4, 2,2) +£3.2,1,3) +£(3,2, 1,4) + £(3,2,2,3)
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+/(3,2,2,4)+f4,1,1,3)+ f(4,1, 1, 4)
+/4,1,2,3)+f(4,1,2,4) + (4,2, 1, 3)
+/4,2,1,4)+1(4,2,2,3) + f(4,2,2,4))
—(f(1,1, 1,3)+/(1,1,1,4) + f(1, 1, 2, 3)
+/(1,1,2,4) + f(1,2,1,3) + f(1,2, 1, 4)
+/(1,2,2,3) + f(1,2,2,4) + f(2,1, 1, 3)
+/2,1,1,4) +f(2,1,2,3) + f(2, 1,2, 4)
+/(2,2,1,3)+ (2,2, 1,4) + f(2,2,2,3)
+£(2,2,2,4)(f(1,3,1, 1) + (1,3, 1, 2)
+/(1,3,2, )+ £(1,3,2,2) + (1,4, 1, 1)
+/(1,4,1,2) + f(1,4,2, 1) + f(1,4, 2, 2)
+/2,3, 1, )+ f(2,3,1,2) + f(2,3,2, 1)
+/(2,3,2,2) +f(2,4,1, ) + f(2,4, 1, 2)
+/(2,4,2, )+ f(2,4,2,2))(f(3, 1,3, 1)
+/(3,1,3,2)+/(3,1,4, 1)+ f(3,1,4,2)
+/(3,2,3, )+ 1(3,2,3,2)+/(3,2,4, 1)
+/(3,2,4,2)+f(4,1,3,1) + f(4, 1,3, 2)
+/4, 1,4, 1)+ f(4,1,4,2) + f(4,2,3, 1)
+/(4,2,3,2) +f(4,2,4,1) + f(4,2,4,2))
+(f1, 1, L, ) +/(1,1,1,2) +f(1,1,2, 1)
+(1,1,2,2)+ (1,2, 1, 1) + f(1, 2, 1, 2)
+/(1,2,2, D)+ £(1,2,2,2) + (2,1, 1, 1)
+/2,1,1,2)+/2,1,2, 1) + f(2, 1,2, 2)
+/(2,2,1, D)+ 2,2, 1,2) + f(2,2,2, 1)
+/(2,2,2,2))(f(1,3,1,3) + (1,3, 1,4)
+/(1,3,2,3)+ f(1,3,2,4) + f(1,4, 1, 3)
+/(1,4,1,4) +f(1,4,2,3) + (1,4, 2,4)
+/(2,3,1,3)+f(2,3,1,4) + f(2,3,2,3)
+/(2,3,2,4) + (2,4, 1,3) + f(2,4,1,4)
+/(2,4,2,3)+f(2,4,2,4)(f(3, 1,3, 1)
+/(3,1,3,2) +f(3,1,4, )+ f(3,1,4,2)
+/(3,2,3, 1) +/(3,2,3,2) + /(3,2,4, 1)
+/(3,2,4,2)+ f(4,1,3,1) + f(4, 1,3, 2)
+/4, 1,4, 1)+ f(4,1,4,2) + f(4,2,3, 1)

+/(4,2,3,2) +f(4,2,4,1) + f(4, 2,4, 2)).

By construction, the six polynomials thus derived are
invariants for the same trees as Q;, 0., Qs, Qs, Qs and

Os.

8. Conclusion

The empirical method is fundamentally a discovery
tool for identifying and relating invariants. It is
conceptually simple and is capable of finding all
invariants of a given functional form. In earlier work
(Ferretti & Sankoff, 1993), however, it appeared to
have two major difficulties that threatened to limit its
utility for all but the smallest problems. One of these
is the computational cost of dealing with the large
matrices generated during the analysis. The second is
the problem of reducing the large number of forms
found to a minimal set of algebraically independent
functions, or even knowing the size of this set. Still
another problem facing any attempts to use invariants
other than linear is the i.i.d. assumption that permit
us to analyze one position as representing all
positions.

In this paper we have attempted to make some
headway against these problems. For example, we
have demonstrated that there is a wide variety of
models that can be anlyzed using moderate compu-
tational resources. We were required to manipulate
matrices of size 2000 x 2000. It does not seem
impossible that the matrices of size 32 000 x 32 000
necessary for an attack on the 12-parameter model
with our method should be feasible in the
not-too-distant future.

The problem of determining the maximum number
of algebraically independent invariants seems to hinge
on whether it suffices to consider only polynomial
invariants, which seems likely given the results to
date. In this case, rank(D) should be constant over
parameter space, not only in a neighbourhood around
each point (which is all we can say from general
implicit function considerations), and it would suffice
to calculate it for one point only. This is quite feasible
at the present time.

In addition, until we know whether it suffices to
consider only polynomial invariants that are globally
valid in parameter space, we cannot prove our
method identifies all invariants. For example, if an
invariant had two different polynomial expressions in
two sampled regions of parameter space, then our
method would in general not identify it, since (at
least) two sampled points would not generally be on
the polynomial corresponding to the other region.

As for the 1.1.d. constraint, we have taken the first
steps towards allowing dependence among sequence
positions.
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Future direction for phylogenetic invariant re-
search will involve not only the search for a complete
set of invariants for Spp but also feasible approaches
to incorporating the invariant methodology into
practical algorithms for constructing trees on large
members of terminal vertices.
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APPENDIX A
Quadratic Invariants for Sk and the Tree T, of
Fig. 1
01 = (/i —fo)(fr2 — fr0) + (2 = f) (fs — f1s)
0> = (/i — fo)(fs — f) + (2 = i) (fo — fo)
Os = (i = fo)(fss — o) + (o = [ — fis5)
Qs = (2 = f)(fv — fa1) + (s = fie) (12 — fr0)
Os = (> = f)(f2 — fos) + (fs = fi) (12 — fro)
Qs = fifss + fofss + fifo + fifi2
—hfos = fafos — fofis — fufis
Q7 =2f1foa + 2f i 2 + 2fefis + fifor + fif
—hfi fis = fifor — fsfos = fofir = frshe
Os = 2fi fu + 2fi foo + 2fs fr1 + fr s + f1 /o
=2fifuu = fifos =SS — foSre — frisfin
0o = 2(f2 — f) (i1 — f») + (fs — f1e) (fs — )

Qu = 2/1 fous + 2fs /o + 1o + f1 /a1

—2fsfis = 2fsfir — fafos — fiofos
O =2/ fo2 + 2fsfos + 1./ + 1 [

—fifis — fsfoo — fofir — frefx
On=2f—f)(fis — fo) + (s = fi) (s — f)
O = (fs — fir) (fas — f13) + (fs — f16) (fi1 — f21)
O =21 fo1 + 2fsfro + frfo + [ fs

—2f3fia — 2fsfr6 — fsfos — firfos
Ois = 2(f» — f)(far — fu1) + (fs = fi)(fss — f0)
Ois = 2f\ fu+2fsfootf1 fie — fofia=2fafs — frs fos
017 = 2f1 fss + 2fefs0 + frfoo + f1/23
=2ffis = 2fafrr — fofis — fisf
Ous = 2/ fos + 2fsfoo + f1 oo + f1 /2
=2f2fo6 = 2fifs — frshs — fisf
QO = 2f3f2 + 2fi0fis + fsfsa + fir f1s — 265 /5
—2fifio — fis S — fis fos
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O = fifss + fsf + fiofoo + frr.foo — 2f2 f22
=2fsfos — frsfor — fisfo

O = 2fsfra + 2f0fir + fifss + frsfsa — 2fofs
—2fafn — fisfro — fisfa

Oxn = fifss + friefo + firfso — 2f2f2
=2fifor — frsfs — fisfn

O = 2fsfis + fofos + fisfun + frofor + [t
—2fsfu — 2fsfr — 2fifia — faufos — fosSo

On = 2fsfu + fofsi + fisfos + fro fos + forfr

—2fsfor — 2fsfo — 2fu1 fra — frufos — fosfr
s = 2(fs — fi) (15 — f22) + (fo — fas) (fos — f22)
O = 2(fs — fi) 11 — f2o) + (fo — o) (fs1r — fro)
Ox = 2fsfss + 2f1afoo + fofos + frfos
—2f0fis — 2f12frr — fofsa — frsfaa
O = 2(fs — fi) (fi1 — far)
+(fis = fo) (fos — f2)
O = 2fsfos + 2fiafoo + fosfoo + fasfss — 2o fr2
—2f10fos = fisfss — for fa
Ox = 2fif + 2fiafos + fofss + foo fra — fro s
—fofos = fo S — fro fa
Os1 = fufis + fufsi + fofss + fs o — 2fi0 fo
=2fufor — faafsu — frofa
Ox = (fi — fo)(fio — 1) + (fs — fie) (f1s — f5)
Os = (fi = fo)(fo — f25) + (fs = fi) (f1a — f)
Qs = (fs — i) (s — fo) + (s — f2) (f10 — f12)
Oss = (fs — fi) (s — f0) + (for — f15) (fro — fi2)
Q6 = 2(/i — fo) (i1 — o) + (s = fie) (s — o)
Oy = 2(f» = fi) (s — f13) + (s — fi6) (f5s — f0)
Oss = 2(fi = fo)(fis — f) + (fs = fi) (f2s — /o)
Qs =21 foo + 2fs fu + f1.fus + f1S2 = [3 a6
—fshs — fofie — fir S
Qu = (fs — fie)) (f1s — f2) + (fs = fi) (fo — f11)
Qu = (s = f1)) (2 — fo3) + (s = i) (1 — foo)
Qu = 2(f1o — fi) (f1s — f2) + (fro — f2) (fos — [2)
Ou = 2(fio — fr) (i1 — f29) + (fio — fa) (fas — f)
Qu = (fu = f)f1o — f31) + (fis = fo) (fos — f2)

Ouss = (fu — o) (fui — f21) + (fis — f2) (fs — f13)
Qs = (fo — f2o) (f5s — f30) + (fis — fo) (fs — f0)
Qs = (fs — o) (f1s — fou) + (fis — fo0) for — fr5)
Qus = 2(fs — f1a) (fiz — faa) + (fis — f2) (fs1 — fro)
Qs = (s — o) (fr1 — f21) + (fis — f2) (for — [s5)
Os = 2(f10 — fr) (far — f11) + (2 — fos) (f5s — f0)
Osi = (S — fro)(fis — f20) + (fis — o) (fs — fo0)
Os = (it — f2) (2 — fas) + (fis — f2) (fs1 — fro)
Oss = 2f10 fou + 2fv0 fro + 2f 12 fis + for fra + foo fra
—2fwfis = frofso — S fos — o S — fu1 fs

Osi = (fit — o) (fs — fo0) + (fis — f2) (fss — fro)
A1)

APPENDIX B

Cubic Relations of Form (4) Between Q,, ..., Qs
F:01 = f1601 — /1Qa + f6Qs + /200 — /102 =0
S5O = f1701 — /105 + /605 + 205 — a0 =0
J0O1 — 501 — f100> + f1205 + /203 — faQu = 0
SO = 501 — f1uQs + f20s + /2035 — fsQss = 0
/302 = f1602 — /109 + fsQo + /2036 — fsQ3% = 0
S160s = /305 — /207 + f207 + /201 — faQu

+ /109 — f6Qs =0
S50 = f1102 — /1@ + f6Q12 + /203 — faQ3s = 0
fs07 = Q7 — /305 + f16Qs — fsOn + f1:Qn
=2/10i + 2/601i5 + /305 — f1s0» = 0
SsQo — f17Q5 — f:012 + f16012 + 2/2040 — 2fsQu0 = 0
S5Q4 — f1104 — f305 + f1605 + Qa1 — faQu =0
S0Qs — 305 — f10Q1 + [0 + /200 — fsQr =0
004 — f:04 — f10Qs + f1200 + /04 — faQs = 0
J21Qs = [uQa + [1305 — /105 — f1Q1is + /12013
+/2Qu — fiQu =0
S1Qs — f1100 + f1:002 — f14012 — [0 Q15 + 1301
+2/20us — 2fsQss =0
J2002 — 5302 — [ Qs + f1305 + 2Qu6 — fsQus = 0
240> = 2f30> + [0 Q7 — f5307 + f1500 — [ 0o
—f00n + f301 + 2204 — 2/:Q4 = 0
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2f24Q1 - 2f13Q1 +f|5Q4 —ﬁ7Q4 +f10Q7 —fle7 wazs—ﬁlst—fzzQze'i'fszzs'szxQﬂ— f14Qsz=0

~SioQu+ fuln + /10w~ [iQu =0 2 Qs — 2 Q=2 Qs + 2nQis — fioQis + f Qs
J15Qas — f21Q25— fo O+ f25 Qs+ 2fs Qos — 214 Qs =0 Ot SO0+ fiO — firOs = 0
S00Qs — 5305 — f1001s + [1201s + /205 — fsQs0 = 0 R -
2f905 — 2f1105 — f20 07 + f1307 — f1500 + [0

+ /001 — 3001 + 2/10s1 — 2/051 = 0

ﬁOQ12 _ﬁ3Q12 _ﬁ0Q15+ﬁ3Q15+2ﬁQ54_2ﬁQ54:0
(B.1)



