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Gene clusters as intersections of powers of paths*

Vitor Costa Simone Dantas
David Sankoff Ximing Xu

Abstract

There are various definitions of a gene cluster determined by two
genomes and methods for finding these clusters. However, there is little
work on characterizing configurations of genes that are eligible to be
a cluster according to a given definition. For example, given a set of
genes in a genome is it always possible to find two genomes such that
their intersection is exactly this cluster?

In one version of this problem, we make use of the graph theory to
reformulated it as follows: Given a graph G, does there exist two 6-
powers of paths Gg = (Vs, Es) and Gy = (Vr, Er), such that GgNGr
contains G as an induced subgraph? In this work, we show an O(n?)
time algorithm that generates the smallest 6-powers of paths Gg and
Gr (with respect to § and the number of vertices n of G), when G a
unit interval graph.

1 Introduction

Due to recent research on genetic mapping, a large amount of information
is available and stored in databases of various research centers in the world.
Processing these data, in order to obtain relevant biological conclusions,
is one of the challenges in Biology. One way to structure these data is
using comparison of genomes, i.e., the search for similarities and differences

between two or more organisms. The central question of this paper proposes
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a problem in this area by asking: given a set of genes in a genome, called
cluster is it always possible to find two genomes such that their intersection
is exactly this cluster? First, we show the modeling presented by Adam et
al. [1] and Sankoff and Xu [7] which will be used in this paper.

A marker is a gene with a known location on a chromosome. Let Vx
be the set of n markers in the genome X. These markers are partitioned
among a number of total orders called chromosomes. For markers g and h
in Vx on the same chromosome in X, let gh € Ex if the number of genes
intervening between g and h in X is less than 6, where 8 > 1 is a fixed
neighbourhood parameter. We call Gx = (Vx, Ex) a 0-adjacency graph if
its edges are determined by a neighbourhood parameter 6.

Consider the #-adjacency graphs Gs = (Vs, Eg) and Gp = (Vp, Er)
with a non-null set of vertices in common Vgr = Vg N Vp. We say that
a subset of V' C Vgr is a generalized adjacency cluster if it consists of the
vertices of a maximal connected subgraph of Gsr = (Vsr, Es N Ep). We
call G = Ggp[V] the subgraph induced by set V.

Let G = (V(G), E(G)) be a graph with vertex set V(G) and edge set
E(G), such that |[V(G)| = n. Let v, v € V(G). The distance between
vertices v and ¥, denoted by dg(v,v), is the number of edges in a shortest
path between v and v in G. A path between two vertices vg and v; of the
graph G is a sequence of vertices vy, va, ..., v such that v;v;41 is an edge of
G, 1 <i<t—1. Let P, be a graph which is a path with n vertices. A 8-power
of a path P,,, denoted by ng, 6 > 0, is graph such that: V(Pge) =V (P,,)
and E(P},) = {v0 : dp,, (v,0) < 0 with v,0 € V(P§)}. For the benefit of
the reader, we denote the power of a path P’ , by P?. The definition of a
chromosome with ny markers in a #-adjacency graph is similar to a power
of a path P! ,- Now, the central question of this work can be reformulated

as follows:

Question 1. [2, 5] Given a connected graph G, does there ezist two 0-powers

of paths Gg and G, whose intersection contains G as an induced subgraph?

If the answer is yes, we are also interested in finding the minimum value
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of power # and number vertices ngy for these two #-powers of a path.

In this work, we consider the case when G is an unit interval graph. We
say that G is an unit interval graph if there exists a family I of intervals
(a,b) on the real line such that: each v € V(G) can be put in a one-to-one
correspondence with (a,,b,) € I; the intervals in I are of same length; and
v1 is a edge of E(G) if, and only if, (ay,b,) N (ag, bs) # (). There exist linear-
time recognition algorithms for unit interval graphs, for example Figueiredo
et al. [4] and Corneil et al. [3].

Brandstadt et al. [2] and Lin et al. [5] proved independently the following

structural property:

Theorem 1. [2, 5] A graph G is an induced subgraph of a power of a path

if, and only if, G is an unit interval graph. -

Thus, given an unit interval graph G, there exists a power of a path Pg )
that contains G as an induced subgraph. But the proofs of the structural
characterization given by Theorem 1 [2, 5] does not lead to an algorithm
that constructs Gg and G for Question 1.

In this paper, we present an O(n?) time algorithm that generates, from a
connected unit interval graph G, the smallest §-powers of paths Gg and G
(with respect to 6 and to number of the vertices n of G) whose intersection
contains G as an induced subgraph. The proofs will be omitted in this

extended abstract due to space.

2 The algorithm

Our result is based on the ordering of the vertex set of G given by
Algorithm Recognize [3], which satisfies the property proved by Roberts in
[6]: “A graph G is an unit interval graph if and only if there is an order
< on vertices such that: for all vertices v, the closed neighborhood of v is
a set of consecutive vertices with respect to the order <.” Since all powers
of paths are unit interval graphs, we can insert the vertices of V(G), in the

vertex set of a power of a path Pg , until this power of a path contains G as
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an induced subgraph.

This construction is done as follows. First, we take v1 < v9 < ... < vy,
an ordering of V(G) given by Algorithm Recognize [3]. We consider 6, as
the number of vertices of the maximal clique, that contains v;, minus one;
and we insert the vertices of this clique in P%. The algorithm constructs
a sequence of power of a paths P% c P% c ... ¢ P%-1 c P% such that
0 =0; 1+ 1.

Let v be the first vertex non-adjacent to v; in the order on V(G). If v
is adjacent to vg, the algorithm must insert v in the vertex of P% that is
at distance 6y + 1 from vertex vy in P%. Similarly, if v is not adjacent to
vy, but is adjacent to vy, 1, the algorithm must insert v in the vertex of P%
that is at a distance #y 4 1 from vertex v; in P%. This is done by inserting
t — 1 vertices between the vertex of largest index adjacent to v; and v in
P%_ Now, suppose that there exists at least two vertices v, ¥ that are not
adjacent to v; and adjacent to v9. Let ¥ be the second vertex of this set. In
order to minimize the number of vertices of P% vertex @ must be a vertex
of P% at distance 0y + 2 of vertex vy in P%. Then, the algorithm must call
Procedure SHIFT to increase 0y to 01 := 0y + 1 because of the edge vvs.
On the other hand, this procedure adds several edges in P% which are not
in E(G). Thus, Procedure SHIFT adjusts the power of a path P% for the
new 61, by inserting vertices in P% in order to preserve the adjacencies and
non-adjacencies of the vertices of G and generates a new P%. Algorithm
proceeds until all vertices of V(G) are included in P? ,» a smallest power of
a path with respect to 8 and ng.

Before describing the algorithm, we shall give some notations. Given
an ordering of V(G) returned by Algorithm Recognize [3], then orderg(v)
is the position of vertex v in the ordering of the vertex set of G; {g(v) =
max{orderg(v) : v € Ng[v]} and ng(v) = min{orderg(v) : v € Nglv]}. Let
v € V(G) and v € V(P?). We refer to orderps(v) as the position of vertex
v in the ordering of the vertex set of PY, i.e., orderpo(v) = i, if u; = v in
PP, Given u € V(P?), we denote ¢po(u) = max{orderps (@) : 4 € Npo[u]}

and 7pe(u) = min{order po (@) : W€ Npo[u]}.
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Next, we present Algorithm CPP and Procedure SHIF'T.

Algorithm. CONSTRUCTING_-POWER_OF_PATH (CPP)

e Input: a connected unit interval graph G and an ordering of V(G),

v < ... < Uy, given by Algorithm Recognize [3].

o Qutput: a smallest power of a path Pge, with respect to 0 and to number

of the vertices ng, which contains G as an induced subgraph.

1. 0:=¢g(v1) — 1.
2. P?:= (uy,us, ... s Uh(n—1)> Uo(n—1)+1) null-vector.
3. For j:=1 to&z(v1) do
uj = vj.
4. Fori:=1 tong(v,) —1 do
For j:=1 to {g(vig1) — Ea(v;) do
Uorderpg (vi)+0+7 = Véq(vi)+i-

If |orderpe (vVeg, (v;)+5) — orderpe (viy1)| > 6 then

SHIFT(PG [U’l? U2y -+ Uorderpg_y (vi)+9+j]>'

5. Return P := (uy,us,... 7uorderP9(vn))' .

The following procedure is called in Step 4 of algorithm CPP, and it
receives as input a smallest power of a path P? that contains G [V1, ..., V-1,
¢a(v1)+1 <1 < n asan induced subgraph in P?Y. This power of a path also
contains the last vertex v; inserted by Algorithm CPP. Vertex v; raises the
Procedure SHIFT because it is not adjacent to some vertex v;_; in P?, but
v—v; € E(G).
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Procedure. SHIFT

e Input: a smallest power of a path P? that contains Glvi,...,u_1] as

an induced subgraph.

o OQutput: a smallest power of a path P! that contains Glv,. .., v

as an induced subgraph.

1. 0:=60+1.
2. pPY.= (w1, wa,. .. ,wg(l_1)+1) null-vector.
3.k := max{orderpe-1(v) :

orderpe—1(v) < npe-1(un,_,)—1, veV(G)}
s:=min{t>1:t =k mod6}.
4. Forj:=1tos do
wj = uj.
5 Forj:=s+1tok+1do
If j=(s+1)mod#
then Worder o (u;_1)+2 *= Uj;
else Worder  (u;_1)+1 = Uj-

6. Forj:=k+2 tong_1 do

worderpg (uj—1)+1 = Uj-

7. Return PY.
O

Algorithm CPP returns Pg ,» the smallest power of a path (with respect
to 6 and ngy) that contains G as an unit interval graph. We construct the two
powers of paths, Gy = (Vp, Ep) and Gg = (Vg, Eg), form ng, as follows.
First, Vp = Vg = V(ng). Then, vertices Vp, which are not in V, receive
different labels from vertices in V' (P? o)

Next, we present a sketch of the proofs of correctness of the Procedure

SHIFT and Algorithm CPP, respectively.
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Lemma 1. Let P? be a smallest power of a path that contains Gj_; =
Glv1,..., vi—1] as an induced subgraph, with respect to order vy < ... <
vi_1. Let vy € V(G) be the next vertex inserted in P? and vi_,_1v; ¢&
E(G), v € E(G) and dp,, (v—¢,v) = 0 + 1. Then, the output of
the Procedure SHIFT Ptl is a smallest power of a path that contains
G; = Glvy,...,v_1,v] as an induced subgraph, with respect to order v; <

< <.

Sketch of the proof. We observe that since the clique formed by the vertices
{vj_4,..., v} must be preserved in P?, the value of § must be increased
by one unit. Then, to preserve the non-adjacencies of vertices of G; in
the new P?, the procedure must insert a vertex between the largest ver-
tex of V(G;) that is non-adjacent to v; in P? and its consecutive vertex
in P,,, i.e., between ugder

and Ugpder +1; and the proce-

pe(vl—t—l) po (vi—¢-1)

dure must insert a vertex each 6 + 1 vertices numbered in descending order

from the torder o (v_,_,) i0 PP This assures P?uy, ... ) Uorder pg (v1_r_p)) 18 in-
duced subgraph of P**1. Since Gi[vy, .. ., Veg, (v1_,_y)) 18 induced subgraph of
Plug, ... s Uorder g (01_s_1))» DY tramsitivity, Gilvy, ..., Veg, (v1_;_1)) 18 induced
subgraph of P*!. As the clique formed by the vertices {v;_y, ..., v} was
preserved in P?*1 and the vertex set {uorderpe (W1—p—1)+15 - - > Yorder g (vi_y)—1}
contains no vertices of V(G), we have Gj[v;_¢—_1, ..., v is induced subgraph
of P!, Thus, G, is induced subgraph of P+,

This insertion of vertices in P? is minimal. In fact, given v € V(G))
the first vertex non-adjacent to v in P?, with respect ordering of V (P?),
is the first vertex non-adjacent to v in P?*1, then these vertices cannot be

omitted. -

Finally, the correctness of the Algorithm CPP is given by Theorem 2.
Theorem 2. Let G be an unit interval graph. Algorithm CPP returns a

smallest power of a path ng with respect to ng and 6, which contains G as

an induced subgraph.

Sketch of the proof. Using similar techniques of Lemma 1, we prove that the
output of Algorithm CPP is a smallest power of a path which contains G as
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an induced subgraph, with respect the ordering of V(G) given by [3]. On the
other hand, if there exists a power of a path P? such that P? is a smallest
power of a path which contains G as an induced subgraph, then ¢ < 6 and
ny < ng. We prove that the ordering of V(G) induced by the ordering of
P? is equal to the ordering of V(G) returned by Algorithm Recognize, up
to of indistinguishable vertices; in this case, we can change the positions
of the indistinguishable vertices belonging to V(G) in P?. Changing these
positions, the ordering of V(G) induced by the ordering of P? is equal to the
ordering of V(G) returned by Algorithm Recognize. Since P? is a smallest
power of a path that contains G as an induced subgraph with respect this
ordering, we have 0 < o and ng < ny. Then, 0 =60 and n, = nyg -

The Algorithm CPP analyzes each vertex of G in the ordering returned
by Algorithm Recognize [3] a single time. In the worst case, the algorithm
calls Procedure SHIF'T for each vertex v; € V(G) only once. Since, for each
vertex vy, the Procedure SHIFT passes by the set of vertices of GG; at most
once, the complexity of Algorithm CPP is O(n?).

3 Conclusion

In this work, we developed an O(n?) time algorithm that generates, from
a connected unit interval graph G, the smallest 8-powers of paths Gg and G
(with respect to § and to number of the vertices n of G) whose intersection
contains G as an induced subgraph.

We remark that 6 can be greater than or equal to the size of a maximum
clique of the graph G, denoted by w(G). Figure 1 shows an example where
G has w(G) = 4 and the Algorithm CPP returns § = 5, but the difference
between 6 and w(G) can be greater than 1.

As future work, we intend to investigate other classes of graphs. An exa-
mple is graph Cy = (V, E), with V' = {v1,v2,v3,v4} and E = {vjva,v1v3,
VU4, V3V4 }, which is not an unit interval graph. In this case, we have Gg
and Gp, with Vg = Vp = {v1,v2,v3,v4}, Eg = {v1v2, 0103, V203, V04, U304}

and Ep={vjva, v103, V104, V204, U304 }.
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Vv, 4 V5 V6

vy Vg

A V1o

Figure 1: Graph G with n = 10 and w(G) = 4 and its corresponding output
returned by Algorithm CPP: P? , with ng =21 and 6 = 5.
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